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a b s t r a c t 

The engineering stress-strain curve is often observed to be flat across a wide range of plastic strains after 

yielding in a uniaxial tensile test, for alloys with gigapascal yield strength, especially those recently de- 

veloped body-centered-cubic (bcc) multi-principal-element alloys (MPEAs). The near-zero slope of these 

curves is often perceived as an apparent lack of strain hardening capability, which would set off neck- 

ing immediately after yielding due to a violation of the Considère criterion. If so, how could the alloy 

manage to sustain the large uniform elongation? Here, we resolve this puzzle by re-analyzing the data 

in terms of true stress versus true strain to demonstrate that the perception above is a misjudgment. 

Thanks to the MPEA’s gigapascal yield strength, the wide plateau does not mean that the strain harden- 

ing rate is negligible, but rather is at GPa level, adequate to guarantee no onset of the necking instability. 

Inside a tensile-strained TiZrNb MPEA, the dislocation density was observed to increase by nearly two or- 

ders of magnitude, even after a tensile strain of only 8%, indicating obvious dislocation accumulation as 

the mechanism for strain hardening to delay necking. All these corroborate that an alloy yielding at GPa 

stress with a “perfect-plastic” curve is ultra-strong yet highly ductile, despite its very high (i.e., almost 

∼1) yield ratio. 

© 2027 Published by Elsevier Ltd on behalf of The editorial office of Journal of Materials Science & 

Technology. 
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Many alloys developed during the past two decades, espe- 

ially GPa-yield-strength ones, including recent body-centered- 

ubic (bcc) multi-principal-element alloys (MPEAs), have shown 

 tensile engineering stress-strain curve that looks almost “per- 

ectly plastic”. Even though the yield point phenomenon is ab- 

ent, right after yielding, the curve plateaus across a wide range 

f plastic strains [ 1–5 ], leading to a minimal strain hardening co- 

fficient ( n ). Three previously published high-impact examples of 

uch curves are given in Fig. 1 . The earliest case of the three is

 Fe-Mn-Ni-Ti-Mo-C maraging steel [ 6 ] in Fig. 1 (a). This ultrahigh- 

trength steel shows almost constant GPa flow stress across ∼12% 

ensile elongation. The second example displayed in Fig. 1 (b) is a 

cc HfNbTiVAl10 alloy [ 1 ], which shows a yield strength ( σ y ) of 

390 MPa and an ultimate tensile strength ( σ UTS ) of 1416 MPa. 

ere, the yield ratio, defined as the ratio of the σ y to the σ UTS , 

s 1390/1416 = 0.98. Such a value close to unity is on the extreme 

ide of high-yield-ratio alloys, which normally have a yield ra- 

io larger than ∼0.8 [ 7 ]. The curve is nearly flat for the regime

f ∼20% uniform elongation. As yet another representative, the 
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i36 V14 Nb22 Hf22 Zr1 Al5 (at.%) alloy from our own lab also exhibits a 

ide stress plateau from the yielding point to a strain of 25%, and 

ts yield ratio is as high as 0.99, Fig. 1 (c) [ 5 ]. A high yield-ratio is

ot desirable for demanding applications, because the alloy would 

e subject to plastic instabilities upon overloading or during form- 

ng operations, and exhibit inadequate energy absorption [ 8–10 ]. 

Looking at these engineering stress-strain curves, one is 

empted to jump to the following conclusion. First, because the 

lope of the stress-strain curve in the plastic regime is nearly zero, 

he alloy’s strain hardening rate is believed to be lower than, by 

ar, metals having a much lower strength but a rising stress-strain 

urve after yielding. The above expectation is in line with the com- 

on wisdom that a high yield ratio close to unity is synonymous 

ith little or no strain hardening capability. Such a weak strain 

ardening ability would then be expected to translate into a high 

ropensity for plastic instability [ 11 ], as predicted by the Consid- 

re criterion. That is, for such high- σ y alloys, the strain hardening 

ate cannot keep up with the high flow stress, such that the al- 

oy would be expected to succumb to necking immediately after 

ielding in a uniaxial tensile test. The uniform elongation achiev- 

ble would therefore be very small. From this standpoint, the quite 

arge uniform tensile ductility, i.e., the uniform strain surpassing 

0% elongation before the stress falls off in the stress-strain curves 
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Fig. 1. The engineering tensile stress-strain curve of (a) A Fe-Mn-Ni-Ti-Mo-C maraging steel, adapted from Ref. [ 6 ], (b) A bcc HfNbTiVAl10 alloy, adapted from Ref. [ 1 ]; 

The inset is the corresponding true stress-strain curve, and (c) A Ti36 V14 Nb22 Hf22 Zr1 Al5 (at.%) alloy made and tested in our lab, adapted from [ 5 ]. The inset displays the 

corresponding true stress-strain curve. 

(  

g

t

a

r

i

a

a

t

a

e

i

s

t

c

c

a  

m

s

2

r

F

w

c

a

a

F

b

w

t

t

y

ε
s

o

h

t  

fl

t

s

a

b  

s  

t

c

i  
 Fig. 1 ), is not supposed to happen. This has become a puzzle beg-

ing for an answer, especially for students and new researchers in 

he field. 

This Letter aims to clarify that the projection above arises from 

 misconception. We first demonstrate that when a high-yield- 

atio alloy has a GPa-level σ y , its true strain hardening rate ( �) 

s actually also on that level, and the � can even be higher than 

lloys with a relatively low σ y and lower yield ratio. Secondly, such 

n alloy is not destined to neck early; on the contrary, despite 

he barely positive slope of the engineering stress-strain curve, the 

vailable � is in fact adequate to maintain a fairly large uniform 

longation in uniaxial tensile deformation under GPa flow stresses. 

Strain hardening. Fig. 2 displays a schematic for a hypothet- 

cal engineering stress-strain curve (solid curve in red) in a ten- 

ile test. This simplified curve represents high- σ y alloys similar to 

hose in Fig. 1 , each of which shows a stress-strain behavior that 

ould be approximated by a straight line, with a high yield ratio 

lose to unity at room temperature. The red curve in Fig. 2 gives 

 yield ratio of σ y / σ UTS = 10 0 0 MPa/1030 MPa = 0.97. The bench-

ark to be compared is a more familiar (lower- σ y ) alloy, with a 

implified curve (blue solid line). This reference alloy has a σ y of 

00 MPa and a σ UTS of 300 MPa, and therefore a much lower yield 

atio of (20 0/30 0 = ) 0.66. Its engineering stress-strain behavior in 
ig. 2. A schematic diagram comparing different engineering stress-strain curves, 

hich are hypothesized as straight lines (the linearity assumed for the true-stress 

urve approximates those in Fig. 1 , but is a rather crude simplification by assuming 

 constant stress and small engineering strains, see equations below) to allow quick 

nalysis and explanation. 

f

g

i

σ

ε

∼=

i

32
ig. 2 shows a curve going upward with an obvious slope (solid 

lue curve). 

Looking at the curves, one may think the blue material/curve 

ith a lower yield ratio (0.66) strain hardens more than the flat- 

er red one. However, after converting the curves into true stress- 

rue strain (dashed lines), it turns out the upper alloy with a high 

ield ratio (0.97) gains more strength from strain hardening: at 

e = 20%, for example, the difference between the dashed and 

olid red curves is obviously larger than that between the blue 

nes. 

Let us do some simple math to quantify which curve has strain- 

ardened more, after 20% strain beyond yielding. We begin with 

he red curve in Fig. 2 , which shows a σ y of 10 0 0 MPa, and the

ow stress at 20% strain is 1030 MPa. The strain-hardening gain at 

his point is merely 30 MPa, corresponding to an engineering (sub- 

cript e) strain hardening rate of d σ e /d εe = 30/0.2 = 150 MPa, 

s the curve is so flat (similar to the experimental high-strength 

cc curves seen in Fig. 1 ). However, similar to the case in the in-

et of Fig. 1 (b, c)), one should note that the corresponding gain in

rue stress is much more pronounced, as seen from the true stress 

urve (dashed red) in Fig. 2 . 

One could also do the engineering-to-true conversion by mak- 

ng use of the standard Eqs. (1) and (2) below [ 12 ], assuming uni-

orm cross-sectional area across the gauge length, because the en- 

ineering curve does not bend over (i.e., peaking and then falling), 

ndicating no necking throughout the tensile test. 

T = σe ( 1 + εe ) (1) 

T = ln (1 + εe ) (2) 

dσT 

dεT 

= dσe + εe dσe + σe dεe 

dεe /( 1 + εe ) 

= ( 1 + εe ) 

[
dσe 

dεe 
+ εe 

dσe 

dεe 
+ σe 

]

= ( 1 + εe ) 

[
dσe 

dεe 
( 1 + εe ) + σe 

]

=
[
(1 + εe ) 

2 dσe 

dεe 
+ σe ( 1 + εe ) 

]
(3) 

For small εe , 

 

dσe 

dεe 
+ σe (4) 

To put the true (subscript T) strain hardening rate, �= d σ T /d εT , 

n semi-quantitative terms, Eq. (4) can be used in conjunction with 
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he schematic Fig. 2 to give a crude approximation. The estimated 

is 1180 MPa, which is not a low rate at all, and is actually higher

han the � ∼800 MPa of the lower blue curve/alloy (this is to be 

ontrasted with the engineering curves mentioned earlier: the blue 

lloy yields at 200 MPa, rising to 300 MPa at εe ∼20%, such that 

ts d σ e /d εe = 500 MPa, much higher than the 150 MPa of the red

urve). Such a � comparison can also be carried out via a more 

igorous calculation using Eq. (3) directly, in lieu of the hypothet- 

cal Fig. 2 or the simplified Eq. (4) . In any case, nevertheless, the

lloy corresponding to the red curve turns out to strain-hardens at 

 faster �, by as much as ∼50%, than the alloy showing the blue 

urve, even though from the engineering curves one is led to think 

he opposite. 

In general, one should always use caution when interpreting 

n engineering curve, which assumes a constant cross-sectional 

rea and is thus a misrepresentation of the real stress experienced 

y the sample. An extreme case is after necking, when the en- 

ineering curve descends continuously, suggesting that a decreas- 

ng stress would be able to keep pulling the sample to larger and 

arger strains. This is obviously not true, as the true stress inside 

he necked region actually keeps going up all the time. By the 

ame token, strain hardening before necking should also be gauged 

sing the true stress-strain derivative, d σ T /d εT , rather than the 

 σ e /d εe . 

From Eqs. (3) and (4) above, we envision different scenarios for 

he true strain hardening rate ( � = d σ T /d εT ) of the alloys under-

oing uniform elongation. (i) We see that d σ T /d εT is always higher 

han what is observed from the slope in the engineering curve 

d σ e /d εe ), which controls only the first term on the right-hand 

ide of Eqs. (3) or (4) ; d σ e /d εe is only part of the real strain hard-

ning, at best only the effect of the latter bestowed on the nom- 

nal (engineering) stress-strain curve. To gauge the true d σ T /d εT , 

here is a second term that needs to be added, which clearly shows 

he role of the stress level ( σ e ). (ii) We can use the simplified

q. (4) containing only two terms to roughly assess their relative 

eight of contribution, which is different for the high-strength and 

ow-strength alloys. For the low- σ y alloys, the second σ e term is 

ot so significant and the d σ e /d εe term is what we take to gauge

train hardening; we are accustomed to doing so on regular basis, 

nd would take d σ e /d εe = > 0 to imply diminishing d σ T /d εT . But,

or high- σ y alloys, in Eq. (4) the σ e term outweighs the d σ e /d εe 

erm and is in fact predominant. When d σ e /d εe = 0, that only 

hows the applied load reaches its maximum in the tensile test, 

hile there is still ongoing strain hardening (d σ T /d εT ). (iii) There- 

ore, we conclude that when it comes to comparing the � of the 

wo alloys in Fig. 2 , the one with much higher σ y wins. This can

e further appreciated by examining some extreme cases. Imag- 

ne a case when both the red solid curve and the blue solid curve 

ave the same slope (d σ e /d εe ). Then, it is the second term in

q. (4) that determines which alloy gives higher d σ T /d εT . That 

s, the red curve starting at a much higher σ y is favored. In an- 

ther limiting case, when d σ e /d εe approaches zero for both alloys, 

 σ T /d εT scales directly with σ e . Again, the red curve wins over the 

lue one. 

As such, the common expectation that a near-flat engineer- 

ng stress-strain curve equals little strain hardening should not be 

aken for granted. In particular, the perception that high- σ y MPEAs 

ave no strain-hardening capability is incorrect. It is also not nec- 

ssarily true that an apparently flat engineering stress-strain curve 

ndicates a lower � relative to a steeper curve; the opposite can 

appen. To determine which curve strain-hardens more requires a 

omparison of the true stress-strain curves, to account for the level 

f actual flow stress experienced in the tensile sample. 

The continuous storage of forest and geometrically necessary 

islocations into the alloy is a common cause of strain hardening 

uring tensile straining. This is also the case for alloys in Fig. 1 . As
33
emonstrated before in Ref. [ 5 ], the sample in Fig. 1 (c) was char-

cterized using a transmission electron microscope (TEM), which 

evealed a continuously rising density of dislocations after plas- 

ic strains of 5%, 10%, and 20%. In Fig. 3 , we show a more global

haracterization of dislocation density in a single-phase bcc TiZrNb 

PEA, which again exhibits a flat engineering stress-strain curve 

 Fig. 3 (a)) similar to those cited in Fig. 1 [ 1 , 5 , 6 ]. The TiZrNb al-

oy was prepared via arc melting high-purity Ti, Zr, and Nb (with 

urities exceeding 99.95 wt%) in a Ti-gettered high-purity argon 

tmosphere, remelted five times to achieve chemical homogene- 

ty, and then cast into a 50 g ingot. The as-cast alloy was then 

old-rolled with a 75% thickness reduction (from 4 to 1 mm). The 

esulting sheet was subsequently annealed at 900 °C for 5 min, 

ollowed by water quenching to room temperature. We used this 

xample to directly measure the density of dislocations accumu- 

ated inside. Through synchrotron X-ray diffraction analysis of the 

iffraction peak line profiles, the dislocation density was calcu- 

ated using the modified Williamson-Hall (MWH) method [ 13–15 ]. 

he results demonstrate that tensile straining raised the disloca- 

ion density by two orders of magnitude, from 0.05 × 1014 m−2 

efore test to 2.4 × 1014 m−2 after only 8% strain, which is an 

longation much lower than those in Fig. 1 . The contribution of 

islocation accumulation to the flow stress elevation at this strain 

s 52 MPa, quantified by applying the Taylor hardening model that 

ives �σdislocation = MαGb
√ 

ρ [ 16 ], where M is the Taylor factor 

 M = 2.733 in bcc alloys [ 17 ]), α the Taylor constant, G the shear

odulus, b the magnitude of the Burgers vector, and ρ the disloca- 

ion density. This magnitude is close to that ( ∼60 MPa) measured 

n the tensile test (see true-stress vs true-strain curve in Fig. 3 (a)). 

his result clearly shows that dislocation accumulation remains a 

otent work-hardening mechanism. A 60 MPa increase would be 

eemed effective strain hardening in a low- σ y alloy with σ y = 100 

Pa, as the engineering stress would have gained by half of σ y af- 

er only 8% of strain, clearly showing a rising curve with an obvi- 

us slope of d σ e /d εe ∼500 MPa. But for the case of σ y ∼870 MPa in

ig. 3 (a), the true stress gain of ∼60 MPa would correspond to little 

hange in terms of engineering stress on the plateau. The presence 

f a sizable � becomes obvious only from the true stress vs true 

train curve (the inset in Fig. 3 (a)). 

Resistance to necking. Observing the curves in Fig. 1 , necking 

ould seem imminent right after yielding, when considering that 

or a GPa- σ y alloy, to resist necking its d σ T /d εT would have to 

tart at the GPa level to keep up with the high σ T [ 5 ], as man-

ated by the Considère criterion, 

= d σT 

d εT 

> σT (5) 

From our discussion above, it should be recognized that the 

rue � in Fig. 1 is, in fact, on such a high level, rather than close

o zero. To hammer home our point that uniform elongation can 

ndeed be sustained, let us revisit the simplified curves/analysis in 

ig. 2 . Here, the red engineering curve is much flatter relative to 

he blue one, but its � is actually larger, because its low 

d σe 
d εe 

term 

s compensated by the high second term (see Eq. (4) above). Let us 

ook at Eq. (3) again to see what it would predict. Even though the 
d σe 
d εe 

is barely positive, 
d σT 
d εT 

would nevertheless remain larger than 

e (1 + εe ) , i.e., � stays above σT , ensuring that 
d σT 
d εT 

> σT is upheld. 

s such, the Considère criterion for maintaining stable tensile plas- 

ic flow would not be violated. To see the above from equations, 

he critical condition to avoid necking from the governing Consid- 

re criterion in Eq. (5) can be translated into one for the engineer- 

ng stress-strain curve, using the connections shown in Eq. (3) , 

dσT 

dεT 

= ( 1 + εe ) 

[
dσe 

dεe 
( 1 + εe ) + σe 

]
> σT (6) 



Y. Zhao, Y. Ma, J. Lee et al. Journal of Materials Science & Technology 276 (2027) 31–35

Fig. 3. A bcc TiZrNb MPEA, as another example of high-yield-ratio bcc alloys. (a) Tensile engineering stress-strain curve of the TiZrNb alloy. The inset is the corresponding 

true stress-true strain curve. (b) Strain distribution across the gauge length in the TiZrNb alloy upon uniaxial pulling, as measured in situ using digital-image-correlation 

(DIC) during the tensile test. The color bar represents different levels of engineering strain. 
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Substituting σ T with Eq. (1) leads to 

dσe 

dεe 
( 1 + εe ) + σe > σe (7) 

.e., 

dσe 

dεe 
> 0 (8) 

hich explicitly gives the relevant condition preceding the onset of 

ecking, normally recognized to correspond to the maximum point 

n the engineering curve, where d σ e /d εe = 0 (and d σ e /d εe < 0 af-

erwards as the σ e falls down with necking). In other words, as 

ong as a positive slope (no matter how small) is sustained during 

ensile straining, the near-flat engineering curves in Fig. 1 (or the 

ed curve in Fig. 2 ) offer adequate d σ T /d εT to ward off plastic flow

nstability. This explains the seemingly anomalous plateau of uni- 

orm strain (prolonged to > 20% uniform elongation) observed in 

ig. 1 . Putting it another way, the fact that the engineering curve 

in Fig. 1 ) sustains a very shallow yet positive slope (d σ e /d εe > 0),

y itself alone, signals that the d σ T /d εT of the alloy is sufficiently 

igh to delay necking. As a result, an appreciable uniform strain 

an be achieved, even though the alloy has a GPa-level σ y with a 

ield ratio so close to unity. 

The absence of necking across strains across the flat portion 

f the stress-strain curve is confirmed for our TiZrNb example in 

ig. 3 . In this sample, we monitored the plastic strain distribution 

long the gauge length during tension using digital image correla- 

ion (DIC). As shown in Fig. 3 (b), the first ∼8% plastic strain ap-

ears to be mostly uniform (i.e., it stays on a single-digit level 

cross the board, see the strain magnitude bar in Fig. 3 (b)). The 

train localization becomes obvious only after ∼8% strain, followed 

y clear necking. This result corroborates that necking does not 

ake off, as the flat curve still presents a decent level of strain 

ardening via dislocation accumulation. 

We mention in passing that, generally speaking, there can be 

dditional mechanisms that enhance dislocation accumulation and 

train hardening to sustain a flat engineering stress-strain curve. 

or instance, nanoprecipitates that help trap dislocations ( Fig. 1 (a) 

 6 ]), phase transformations with transformation-induced plasticity 

TRIP) effects [ 18 ], and local chemical orders that boost geomet- 

ically necessary dislocations and back stresses [ 19 ] have all been 

iscussed in the literature. The latter two examples [ 18 , 19 ] under

ery high stresses, in fact, pose demanding requirements for sig- 

ificant strain hardening in the Lüders band, in order to force the 

üders front [ 20 ] to propagate outward across the gauge length 

o extend the yield plateau [ 21 ]. While this discontinuous yielding 

oes not change the general applicability of the conclusions above, 

 treatment of the dynamics sustaining the wide yield plateau 
34
n the presence of highly localized yet stably propagating Lüders 

trains needs to be elaborated elsewhere in the future. 

Summary remarks . Our take-home message is the following. 

ne should not accept a priori the popular expectation that an 

pparently flat engineering stress-strain curve means little or no 

train hardening. This projection does not hold for a high- σ y ma- 

erial. It is also not true that a flat engineering stress-strain curve 

lways indicates a lower strain hardening rate relative to a higher- 

lope curve. We have shown that a high- σ y alloy exhibiting a flat 

ngineering stress-strain curve actually implies a rather high true 

train hardening rate � (i.e., d σ T /d εT ), which can be even higher 

han an alloy with an engineering curve showing a larger slope but 

ields at a much lower σ y . As derived from Eq. (3) , a GPa- σ y bcc

lloy with a yield ratio as high as ∼1 can carry a GPa-level strain 

ardening rate and a fairly large uniform tensile elongation, as ob- 

erved in Fig. 1 . Such alloys’ strain-hardening capability (adequate 

) that delays the necking instability, thanks to the observed capa- 

ility to store dislocation, has previously been under-appreciated. 

The above conclusions are applicable to all alloys, as the de- 

uction does not invoke specifics in the microstructure, such as 

rystal structure, local chemical order, dislocation slip modes, etc. 

or GPa- σ y bcc alloys, one would particularly strive for a steeply 

ising engineering stress-strain curve to impart even more pro- 

ounced strain hardening than what has been achieved in the ex- 

mples discussed in this Letter. The challenge lies in finding ad- 

itional strain hardening capability to enhance and supplement 

he dislocation accumulation (as measured above, along with ten- 

ile straining). By contrast, many face-centered-cubic alloys, includ- 

ng recently developed MPEAs, readily reach high �, because in 

hose cases twinning-induced plasticity (TWIP)/ TRIP mechanisms 

r nanoprecipitates [ 22–24 ] are more hardening-effective. On the 

cc side, such mechanisms have been less invoked. As a result, a 

cc alloy having concurrently a σ y at GPa-level, a relatively low- 

ield-ratio, and an extensive uniform tensile elongation till an ul- 

rahigh σ UTS , remains to be developed. 
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